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Abstract. Surface reconstructions of active close binary stars based on photometric and spectroscopic observations reveal non-
uniform starspot distributions, which indicate the existence of preferred spot longitudes (with respect to the companion star).
We consider the equilibrium and linear stability of toroidal magnetic flux tubes in close binaries to examine whether tidal effects
are capable to initiate the formation of rising flux loops at preferred longitudes near the bottom of the stellar convection zone.
The tidal force and the deviation of the stellar structure from spherical symmetry are treated in lowest-order perturbation theory
assuming synchronised close binaries with orbital periods of a few days. The frequency, growth time, and spatial structure of
linear eigenmodes are determined by a stability analysis. We find that, despite their small magnitude, tidal effects can lead to
a considerable longitudinal asymmetry in the formation probability of flux loops, since the breaking of the axial symmetry
due to the presence of the companion star is reinforced by the sensitive dependence of the stability properties on the stellar
stratification and by resonance effects. The orientation of preferred longitudes of loop formation depends on the equilibrium
configuration and the wave number of the dominating eigenmode. The change of the growth times of unstable modes with
respect to the case of a single star is very small.
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1. Introduction
Owing to their rapid rotation and deep convection zone,
evolved (sub-)giants and cool main sequence components
in synchronised close binaries like RS CVn and BY Dra
systems typically show high levels of magnetic activity
(Strassmeier et al. 1993), e.g., in the form of large starspots
and enhanced chromospheric and coronal emission in the UV
and X-ray spectral ranges. Analyses of light curves with in-
version techniques allow to derive the characteristic proper-
ties of spots like their number, position, size, and temperature
(Eaton & Hall 1979; Rodono` et al. 1986; Budding & Zeilik
1987). Utilising rotation-modulated, asymmetric spectral line
profiles of spectro- and spectropolarimetric observations, in-
version techniques like the Doppler Imaging (Vogt & Penrod
1983; Vogt et al. 1987) and Zeeman-Doppler Imaging (Semel
1989; Donati et al. 1992, 1999) reveal information about tem-
perature and magnetic field inhomogeneities on the stellar sur-
face, which are interpreted as cool spots caused by emerg-
ing magnetic fields. Recent observations are complemented by
photometric data which cover up to several decades and thus
enable the determination of cyclic variations (Rodono` et al.
1995, 2000).
Surface reconstructions of close, fast-rotating binaries
show extended starspots which cover large fractions of the
stellar surface (O’Neal et al. 1998; Lanza et al. 2001) and fre-
quently occur, in contrast to the case of the Sun, also at inter-
mediate, high and even polar latitudes. Non-uniform spot dis-
tributions in longitude indicate the existence of preferred longi-
tudes (PL), where spots occur more frequent or last longer than
at other longitudes (Henry et al. 1995; Jetsu 1996). Preferred
longitudes are often found to be separated by about 180◦, i.e.,
in opposite active quadrants of the hemisphere, but their ori-
entation with respect to the companion star is not unique. In
short-period systems with rotation periods . 1 d active regions
tend to prefer the quadrature longitudes (Zeilik et al. 1989,
1990a,b, 1994; Ola´h et al. 1994; Heckert et al. 1998), i.e., the
longitudes perpendicular to the line connecting both stellar cen-
tres. In systems with longer periods the situation is less clear:
several systems show PL at the substellar point, its antipode
or other fixed longitudes with respect to the companion star
(e.g., Lanza et al. 1998, 2001; Ola´h et al. 2002), whereas other
stars reveal a longitudinal migration of the spotted regions
with respect to the companion star, which is usually ascribed
to differential rotation (Strassmeier 1994; Rodono` et al. 1995,
2000). Considering the dependence of PL on the orbital period,
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Heckert & Ordway (1995) find a transition from fixed PL for
orbital periods less that one day to migrating and eventually
no PL at all for more separated systems with periods exceed-
ing about 10 days, leading to the suggestion that tidal effects
might influence the spot distribution. However, observations of
close binaries with giant components show that spot clusters at
migrating PL may also occur in systems with longer orbital pe-
riods (Berdyugina & Tuominen 1998; Berdyugina et al. 1999),
giving rise to the assumption that the formation and orientation
of clusters are not exclusively dependent on the binary separa-
tion alone.
In this and a subsequent paper we study the influence of
tidal effects on the dynamics and evolution of magnetic flux
tubes in active binary components, assuming – in analogy to
the case of the Sun – that starspots are formed by erupting flux
tubes which originate from the bottom of the stellar convec-
tion zone. The present work delves into the equilibrium and
linear stability properties of flux tubes stored in the convective
overshoot region below the convection zone proper in order to
examine whether the influence of the companion star is able to
trigger rising loops at preferred longitudes which may penetrate
to the convection zone above. The decomposition of small per-
turbations of an equilibrium flux tube in terms of eigenmodes
and the determination of the corresponding eigenfrequencies
are accomplished by a linear stability analysis which extends
earlier treatments by Ferriz-Mas & Schu¨ssler (1993, 1995) and
Holzwarth & Schu¨ssler (2000). In contrast to rotating single
stars, in binary stars the existence of the companion star breaks
the rotational symmetry. Consequently, the dynamics of flux
tubes is not only subject to the tidal force but is additionally
affected by the deviation of the stellar structure from spherical
symmetry. The linear stability analysis deals with the response
of equilibrium flux tubes to small perturbations inside the over-
shoot region, whereas the growing displacements of unstable
loops have to be followed by non-linear numerical simulations.
The evolution of flux loops rising through the convection zone
and the resulting surface distribution upon their eruption is de-
scribed in a following paper.
In Sect. 2 we briefly summarise the underlying (solar) ac-
tivity model based on erupting magnetic flux tubes and outline
the binary model. Sect. 3 describes the equilibrium properties
and Sect. 4 gives the results of the linear stability analysis of
toroidal flux tubes. Sect. 5 contains a discussion of the results
and Sect. 6 gives our conclusions.
2. Model assumptions
2.1. The ‘flux tube paradigm’
It is widely accepted that sunspots and bipolar spot groups
are caused by erupting magnetic flux tubes which origi-
nate from the base of the solar convection zone. The mag-
netic field is believed to be amplified in the rotational shear
layer (tachocline) near the base of the convection zone and
stored in the form of toroidal flux tubes in the convective
overshoot region (Moreno-Insertis et al. 1992; Schu¨ssler et al.
1994). This stably stratified subadiabatic layer at the inter-
face to the radiative core is generated by gas motions which
penetrate from the convection zone above. While Hale’s po-
larity rules and the East-West-orientation of bipolar sunspot
groups suggest equilibrium flux rings parallel to the equato-
rial plane, overshooting gas motions cause perturbations which
can trigger the onset of an undulatory (Parker-type) instabil-
ity (Spruit & van Ballegooijen 1982; Ferriz-Mas & Schu¨ssler
1993, 1995). If a tube segment is lifted upward, a net mass
downflow from the crest increases the density contrast with re-
spect to the environment. Once a critical magnetic field strength
is exceeded the resulting buoyancy surpasses the opposing
magnetic curvature force, the loop continues to rise through
the convection zone, and eventually erupts at the stellar sur-
face (Parker 1955; Moreno-Insertis 1986). Upon emergence it
causes the various signatures of magnetic activity like active re-
gions, dark spot groups, bright faculae, chromospheric activity,
X-ray bright coronal loops, and flares. The buoyancy-driven
mechanism implies a crucial dependence on the stellar strat-
ification, viz. the superadiabaticity, δ = ∇ − ∇ad. In the case
of the Sun, magnetic flux tubes with field strengths of about
105 G are required to obtain theoretical results which are in
accordance with observational constrains like flux emergence
latitudes, tilt angles, and asymmetries of bipolar spot groups
(Moreno-Insertis 1992; D’Silva & Choudhuri 1993; Fan et al.
1994; Schu¨ssler et al. 1994; Caligari et al. 1995, 1998). The
quantitative elaboration of the applied flux tube model is also
consistent with the emergence of polar spots on rapidly rotat-
ing young stars (Granzer et al. 2000) and with the conspicu-
ous decline of coronal X-ray emission in giant stars across the
‘coronal dividing line’ (Holzwarth & Schu¨ssler 2001).
We consider the magnetic flux in the convection zone in the
form of isolated magnetic flux tubes, which are embedded in a
field-free environment. The stellar convection zone is treated
as an ideal plasma with vanishing viscosity and infinite con-
ductivity, implying the concept of frozen-in magnetic flux. All
calculations are carried out in the framework of the ‘thin-flux-
tube approximation’ (Roberts & Webb 1978; Spruit 1981): the
diameter of a circular flux tube is assumed to be small with re-
spect to the other relevant length scales of the problem like the
pressure scale height, radius of curvature, or the wave length of
a perturbation along the tube. As a consequence of very short
signal travel times it remains in lateral (total) pressure equilib-
rium with its environment.
2.2. Binary model
Observations indicate that the orbital motion of binary sys-
tems with periods T . 10 d is effectively synchronised with
stellar rotation and typically exhibit very small eccentricity
(Duquennoy & Mayor 1991; Strassmeier et al. 1993). Hence,
we consider a close, detached, synchronised and circularised
binary system, for which the orbital and stellar rotation periods
are equal and the spin axes of the components are perpendicu-
lar to the orbital plane. The active star with mass M⋆ and the
companion star with mass Mco = qM⋆ move on circular orbits
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with a period of a few days. According to Kepler’s third law,
they are separated by the constant distance(
a
R⊙
)
≃ 4.21 (1 + q)1/3
(
M⋆
M⊙
)1/3 (T
d
)2/3
. (1)
Our reference binary system consists of two solar-type stars
(M⋆ = Mco = 1 M⊙, i.e. stellar mass ratio q = 1) with a period
of T = 2 d. The active star is described by a perturbed sin-
gle star (here, standard solar) model, whereas the companion
star is considered as an idealised point mass. In the case of the
Sun, the differential rotation profile affects the stability proper-
ties only slightly (e.g., Ferriz-Mas & Schu¨ssler 1993). Owing
to tidal interactions and synchronisation, the differential rota-
tion in close binary stars is much weaker than in the solar case
(Donahue 1993; Ru¨diger et al. 1998), so that we assume solid-
body rotation.
For systems with orbital periods of a few days, tidal effects
are sufficiently small to be treated in lowest-order perturbation
theory. Using spherical coordinates in a co-rotating frame of
reference (radius r, latitude λ, azimuth φ, with the companion
star in the direction φ = 0), the effective potential, Ψeff = Ψ⋆ +
Ψtide, is the sum of the spherical gravitational potential of the
star, Ψ⋆(r), and the potential of the tidal perturbation1,
Ψtide(r, φ, λ) = −ǫ3 GM⋆2r
[(
1 + 5
2
q
)
cos2 λ − q
+
3
2
q cos2 λ cos 2φ
]
+ O
(
ǫ4
)
, (2)
where ǫ = r/a is the expansion parameter and G the gravita-
tional constant. The potential Ψtide gives rise to the tidal accel-
eration
gtide(r, φ, λ) = ǫ3g⋆(r) [er + 3q (er · ea) ea
− (1 + q) (er · eΩ) eΩ] + O (ǫ4) , (3)
where er, eΩ, and ea are unit vectors according to the directions
indicated in Fig. 1. Following Eq. (3), the component of the
tidal acceleration in azimuthal direction eφ, for example, is(
gtide · eφ
)
= −
3
2
g⋆(r)ǫ3q cosλ sin 2φ + O
(
ǫ4
)
. (4)
Our model includes the deviation of the stellar structure
from spherical symmetry arising from the tidal acceleration
gtide. For a not to strongly deformed star, we suppose that the
stellar structure is still described appropriately by functions of
the effective potential,Ψeff , only, i.e. f (r, φ, λ) = f (Ψeff), where
f stands for any stellar quantity (like gas pressure, density,. . .).
This permits an analytical expression for the tidal deformation,
namely
f (r, φ, λ) = f (Ψ⋆ + Ψtide) ≈ f (Ψ⋆) + d fdΨ
∣∣∣∣∣
r
Ψtide
= f0
(
1 +
r
H f
Ψtider
GM⋆
)
= f0
(
1 + r¯ r
H f
+ rˆ
r
H f
cos 2φ
)
, (5)
1 Equations (2) and (3) also contain the centrifugal potential and
acceleration, respectively, although these contributions do not strictly
belong to tidal interactions but occur in rotating single stars as well.
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Fig. 1. Geometry of the binary system. The origin of the co-
rotating frame of reference lies in the centre of mass, CM. The
stability analysis is carried out in spherical coordinates (r, φ, λ)
with respect to the centre of the active star, M⋆.
with the dimensionless coefficients
r¯ = ǫ3
1
2
[(
1 + 5
2
q
)
cos2 λ − q
]
, (6)
rˆ = ǫ3
3
4
q cos2 λ , (7)
and the scale height H f = −(d ln f /dr)−1. Equation (5) includes
the rotational flattening and the tidal (ellipsoidal) deformation,
with tidal bulges centred on the line connecting the two stars.
The deviation of a quantity, ∆ f = f (r, φ, λ) − f0(r), from the
single star stratification, f0, depends on its local scale height,
H f . Both values, f0 and H f , are taken from the spherical model
at radius r. The quality of the approximation can be estimated
by considering the ratio between the geometrical deformation,
δr
r
≈
Ψtide
Ψ⋆
= r¯ + rˆ cos 2φ + O(ǫ4) , (8)
and the smallest scale height H f of all quantities f . Since in
the overshoot region, the supposed storage location of mag-
netic flux, the scale height of the superadiabaticity, Hδ, is con-
siderably smaller than of any other quantity (see Tab. 1), the
tidal influence on the stability properties of flux tubes is mainly
controlled by the variation of δ (Holzwarth & Schu¨ssler 2000).
For our reference system (T = 2 d, M⋆ = M⊙ and q = 1),
Eq. (1) yields a separation a ∼ 8 R⊙ and ǫ3 . 10−3. The tidal
effects are of small magnitude only, but they imply a significant
qualitative difference, since both Eqs. (2) and (3) exhibit a pe-
riodic azimuthal dependence, which breaks the axial symmetry
present in the single star problem.
3. Stationary equilibrium
We consider magnetic flux rings in mechanical stationary equi-
librium, which are embedded in the overshoot region and par-
allel to the equatorial plane. The tubes are non-buoyant and in
lateral pressure equilibrium with the environment. The inward
directed magnetic curvature force is compensated by the out-
ward directed Coriolis force, which arises from a prograde flow
inside the tube with a velocity v in excess of the stellar solid-
body rotation. The equilibrium tube forms a torus with constant
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ϕ
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toroidal
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Fig. 2. Sketch of a toroidal equilibrium flux tube embedded
in the tidally deformed overshoot region. The flux ring cuts
through different equipotential surfaces, which implies a pe-
riodic variation of the environment along the tube: the values
of the stratification at the points on the line of centres, V1,2,
correspond to deeper layers than those at the quadrature points,
Q1,2.
radius of curvature, R0 = r0 cos λ0, where r0 and λ0 are the ra-
dial and latitudinal equilibrium positions, respectively. Since
the flux ring is situated in a tidally deformed star (Fig. 2), the
internal density, ρ (= ρe, where ρe is the density of the environ-
ment), depends, according to the approximation in Eq. (5), on
the azimuth as
ρ(φ)
ρ0
= 1 + r¯0
r0
Hρ0
+ rˆ0
r0
Hρ0
cos 2φ + O(ǫ4) . (9)
This entails a periodic variation of the magnetic field strength,
B(φ)
B0
=
1 − M2
α0(
ρ(φ)
ρ0
)
− M2
α0
(
ρ(φ)
ρ0
)
, (10)
and internal flow velocity,
v(φ)
v0
=
1 − M2
α0(
ρ(φ)
ρ0
)
− M2
α0
, (11)
where Mα0 = v0/ca0 is the Alfve´nic Mach number, i.e., the
flow velocity in units of the Alfve´n velocity, ca0 = B0/
√
4πρ0.
Quantities with index ‘0’ refer to a comparable axisymmetric
equilibrium flux tube in a slowly rotating single star, where the
tidal and centrifugal acceleration as well as the deformation of
the stellar structure are negligible (e.g., Moreno-Insertis et al.
1992). For flux tubes in mechanical equilibrium, these quanti-
ties obey the relation
v0 = R0Ω

√
1 +
(
ca0
R0Ω
)2
− 1
 > 0 . (12)
Table 1. Parameters at equilibrium depth r0 of the reference
configuration
equilibrium depth r0 = 5.07 · 1010 cm = 0.73 R⊙
gas pressure pe0 = 4.31 · 1013 dyn/cm2
pressure scale height Hp0 = 5.52 · 109 cm
density ρe0 = 0.15 g/cm3
density scale height Hρ0 = 9.21 · 109 cm
superadiabaticity δ0 = −9.77 · 10−7
superad. scale height Hδ0 = 4.43 · 108 cm
rotation T = 2 d
binary separation a = 8.41 R⊙
expansion parameter ǫ3 = 6.53 · 10−4
deformation parameters r¯ = 8.16 · 10−4
(at equator, λ = 0) rˆ = 4.90 · 10−4
In the following, we consider flux rings in the middle of the
overshoot region. Table 1 gives values of the characteristic pa-
rameters of this reference configuration for a model of a 1 M⊙
star.
4. Linear stability analysis
4.1. Determination and interpretation of eigenmodes
Once all quantities of the external stratification are determined
by the equilibrium depth r0, the stability properties of the flux
ring depend only on its latitude, λ0, and magnetic field strength,
B0. Lagrangian displacements are decomposed in eigenmodes,
Ξ(φ, t) = ξ(φ) exp (iωt) , (13)
characterised by the eigenfrequency ω and the eigenfunction
ξ(φ) = (ξt, ξn, ξb)T (in the co-moving trihedron with the local
tangent, normal, and binormal unit vectors, [t, n, b], respec-
tively). For unstable eigenmodes with increasing amplitudes
τ = 1/|ℑ(ω)| provides the characteristic growth time. The dis-
placement vector ξ is determined by the linearised equations of
motion,
ξ′′ +
(
Mφ + iωMφt
)
ξ′ +
(
Mξ + iωMt − ω2Mtt
)
ξ = 0 , (14)
where primes denote derivatives with respect to the azimuthal
coordinate, φ (see Appendix A). Taking the tidal force, Eq. (3),
and the azimuthal variation of the equilibrium quantities,
Eqs. (9) – (11), into account, the coefficient matrices depend
periodically on φ:
M(φ) = M(φ + π)
= M0 + ǫ
3Mc cos 2φ + ǫ3Ms sin 2φ + O(ǫ4) . (15)
Closed flux tubes require ξ(φ + 2π) ≡ ξ(φ) and ξ′(φ + 2π) ≡
ξ′(φ), suggesting the ansatz
ξ(φ) = ˆξ(φ) exp (imφ) (16)
=
 ∞∑
k=−∞
ˆξk exp (ikφ)
 exp (imφ) . (17)
In analogy to the single-star problem, a phase factor with the
azimuthal wave number m has been separated. Due to the φ-
dependent contributions in Eq. (15), the substitution of Eq. (17)
into Eq. (14) yields the 3-term recursion formula
Lm+k ˆξk−2 + Cm+k ˆξk + Rm+k ˆξk+2 = 0 , ∀k . (18)
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k=0 k=2k=-2
m=1
m=2
1 2-2 -1 0 3 4 5n=
k=-2 k=0 k=2
Fig. 3. An eigenmode in the binary problem is represented
by a spectrum of coupled wave modes with wave numbers
n = m ± k, k = 0, 2, 4, . . . Due to the weak coupling (∝ ǫ3) the
eigenmode can still be characterised by the wave number m of
its dominating constituent. The contributions of wave modes
with k , 0 lead to non-axisymmetric modifications, whereas
wave modes with |k| ≥ 4 (indicated by dots) are negligible.
In contrast to the single-star problem, where an eigenmode cor-
responds to a single azimuthal wave number m, i.e., ˆξ0 = const.
and ˆξk = 0 for k , 0, an eigenmode here consists of a spectrum
of coupled wave modes n = m+k with k = 0,±2,±4, . . ., whose
amplitudes ˆξk are recursively related to each other through
Eq. (18). This relation is illustrated in Fig. 3. Since the cou-
pling is weak [∝ O(ǫ3)], the amplitudes decrease quite fast
with increasing |k|, so that more distant wave modes (here, with
|k| ≥ 4) do practically not contribute to the eigenmode. In most
cases the amplitude ˆξ0 is much larger than ˆξ±2, so that the re-
sulting eigenmode can still be characterised by the wave num-
ber m.
The linear eigenfunctions characterise the structure of
small displacements of flux tubes in the overshoot region prior
to their rapid, non-linear rise through the convection zone.
Owing to the stellar stratification, the most important aspect
of an eigenfunction is its component in the radial direction,
ˆξr = ( ˆξ · er): the larger the radial displacements, the larger
are the changes in the environment of the corresponding tube
segments, which become located in either more stable or more
unstable layers. Assuming that larger radial displacements to-
ward more unstable layers favour the penetration of a growing
flux loop to the convection zone, we use the envelope, | ˆξr(φ)|,
of the radial component of the (normalised) eigenfunction as
a measure for the onset of rapidly rising flux loops at azimuth
φ. Since for eigenmodes with ℑ(ω) < 0 the magnitude of the
radial envelope increases exponentially in time,
|Ξr(φ, t)| = | ˆξr(φ)| exp [−ℑ(ω)t] , (19)
an unstable flux tube in the overshoot region will eventually
enter the superadiabatical region. Its actual displacement de-
pends, however, also on the azimuthal wave number m, the fre-
quencyℜ(ω), and the phase relation
argΞr(φ, t) = mφ + arg ˆξr(φ) +ℜ(ω)t , (20)
corresponding to an azimuthal propagation of the tube’s crest
along the envelope, Eq. (19), with the phase velocity
vp(φ) = −ℜ(ω)R0
m
(
1 + 1
m
d
dφ arg
ˆξr(φ)
)−1
. (21)
Fig. 4. Relative deviation of the growth time, (τbin − τsin)/τsin,
in parameter domains which have been unstable in the rotating
single-star problem, i.e., τsin , 0.
The radial envelope thus represents a kind of ‘statistical
weight’, which is applicable either to a large ensemble of
comparable flux tubes with similar equilibrium properties and
phase shifts evenly distributed in the range 0 ≤ argΞr < 2π, or
to an individual flux tube with a growth time much longer than
the wave frequency, τ ≫ 2π/ℜ(ω). If an eigenmode is dom-
inated by the wave mode m and only slightly modified by the
adjacent wave modes m ± 2, i.e., ˆξr,±2 ≪ ˆξr,0 := 1, the radial
envelope is approximately given by∣∣∣ ˆξr(φ)∣∣∣ = ∣∣∣ ˆξr,0 + ˆξr,2ei2φ + ˆξr,−2e−i2φ + . . .∣∣∣
≃ 1 +
∣∣∣ ˆξr,2∣∣∣ cos (2φ + α2) + ∣∣∣ ˆξr,−2∣∣∣ cos (2φ − α−2)
+ O( ˆξ2r,±2) , (22)
with α±2 = arg ˆξr,±2. The eigenfunctions thus inherit the prop-
erties of the underlying problem and exhibit a π-periodicity in
azimuthal direction. Assuming that the shape of | ˆξr(φ)| repre-
sents a measure for the onset of rising loops, Eq. (22) implies
the existence of preferred longitudes at the maxima of | ˆξr |.
4.2. Growth times and eigenfrequencies
The influence of the companion star modifies the stability prop-
erties of flux tubes by breaking the axial symmetry. The result-
ing quantitative difference in growth times τ with respect to a
rotating single star is very small; as illustrated in Fig. 4, the rel-
ative deviations in all cases are considerably smaller than 1%.
Qualitative differences occur, however, for equilibrium config-
urations which had been stable in the single-star problem. In
previously stable parameter domains new types of instabilities
with very long growth times lead to an ‘instability background’
consisting of extended ‘plateaus’ which are pervaded by nar-
row ‘ridges’ (see Fig. 5).
The ‘plateaus’ are due to the tidal force and the azimuthal
variation of the density along the equilibrium flux ring. Using
the lateral (total) pressure equilibrium and the variation of the
magnetic field strength, Eq. (10), it can be shown that the in-
ternal specific entropy, S , is also a function of φ and varies
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Fig. 5. Growth times of the ‘instability background’ due to
tidal effects. In addition to the Parker-type instabilities there
are localised ridges with τ & 103 . . .105 d traversing extended
plateaus with τ > 105 d. Because of the limited resolution of
the parameter grid in the figure the very narrow ridge at λ ≃ 1◦
appears to be discontinuous.
approximately as
1
cp
∂S
∂φ
∼
1
β
d ln pe
dφ ∼
ǫ3
β
r
Hp,e
, (23)
where β = 8πp/B2 is the ratio between the gas pressure and the
magnetic pressure, and Hp,e is the local pressure scale height.
Although we have r/Hp,e ≃ 9, the azimuthal variation is nev-
ertheless small compared to the radial variation of the stellar
stratification, since the relevant field strengths considered here
lead to values in the regime β ∼ 104 . . . 106 ≫ 1. Due to its
velocity excess, v, a gas element inside the tube would have
to change its entropy to preserve the equilibrium conditions.
But since there is no mechanism available to accomplish this
entropy change, the azimuthal variation leads to a loss of the
mechanical equilibrium and to very slow monotonic displace-
ments of the flux tube out of its toroidal configuration. For fast-
rotating stars, the internal flow velocity v is small and thus the
growth times of plateau instabilities are typically several 104
days (up to τ ∼ 107 d). The effects of the azimuthal density
variation and tidal force along the tube are negligible because
the stability properties are dominated by the azimuthal varia-
tion of the superadiabaticity,
δ(φ) = δ(r0)
(
1 +
δr
Hδ
)
, (24)
owing to its relative small scale height in the overshoot region
(with Hδ/Hp ≃ 0.08, see Tab. 1). If all azimuthal variations
other than that of δ are omitted in the stability analysis, the
plateau instabilities vanish and only the ridge instabilities re-
main.
The ‘ridge’ instabilities with typical growth times of sev-
eral thousand days owe their existence to a resonant coupling
of wave modes with different wave numbers. As an example,
the top panel of Fig. 6 shows the growth times of both Parker-
type and background instabilities along a cut at λ = 1.64◦ in
Fig. 6. Growth times τ (top) of Parker-type, ridge- and plateau-
instabilities at λ = 1.64◦ (see Fig. 5). The ridge instabilities
(grey shading) are due to resonant interactions of adjacent wave
modes with m = 1 and 3 (middle) and m = 0 and 2 (bottom),
respectively, when the frequencies ℜ(ω) are similar. Dotted
lines show the frequencies of the uncoupled modes in the corre-
sponding single-star problem. Dashed and dotted-dashed lines
indicate unstable modes with ℑ(ω) , 0.
Fig. 5. The panels below show the frequencies ℜ(ω) of the
wave modes involved. In the single-star problem (dotted lines,
dashed-dotted if unstable) the wave modes corresponding to
different values of the azimuthal wave number, m, are indepen-
dent. But the eigenmodes in the binary problem consist of a
spectrum of coupled wave modes (see Fig. 3) with wave num-
bers n = m,m ± 2,m ± 4, . . .: modes of wave number m with
frequencyℜ(ω) stimulate excitations of the wave modes m±2,
which, supposedℜ(ω) is close to the eigenfrequency of the ad-
jacent wave mode, results in a resonant amplification and even-
tually in the onset of an instability (solid lines in Fig. 6, dashed
if unstable).
In the following, we dismiss instabilities with very long
growth times τ > 104 d (≈ 27 years), since they are not ex-
pected to play any role for the eruption of magnetic flux tubes
in active stars.
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Fig. 7. Azimuth φmax of the radial envelope maxima. Due to
the azimuthal π-periodicity only the maximum in the interval
0 ≤ φmax < π is shown, i.e., between the points V1 and V2 on the
line of centres implying the second maximum at φmax + π. The
dashed framed region is the instability domain of eigenmodes
with a dominating wave number m = 2.
4.3. Eigenfunctions
The eigenfunctions, ˆξ, inherit the property of the underlying
problem and exhibit a π-periodicity in azimuthal direction, im-
plying a φ-dependent probability that a loop penetrates to the
superadiabatic part of the convection zone and rises rapidly to-
ward the surface. The preferred longitudes, φmax (and φmax+π),
of loop penetration are determined by the maxima of the ra-
dial envelope, | ˆξr |max = | ˆξr(φmax)|. They are shown in Fig. 7
as a function of the equilibrium latitude λ0 and field strength
B0. Background instabilities with growth times exceeding 104 d
have been neglected, leaving behind only a fraction of a ridge
at low latitudes and a plateau at λ & 60◦ with τ & 3 · 103 d.
This high-latitude feature is caused by the slow loss of equilib-
rium due to the internal flow described above, which exhibits
only small displacements in radial direction (here, | ˆξr |/| ˆξφ| ∼
O(10−2)). In contrast to the case of stable eigenfunctions, for
which the envelope maxima are located exactly at the ‘symme-
try points’, Q1,2 or V1,2, the orientation of | ˆξr |max of unstable
eigenfunctions show a phase shift with respect to these points.
For instabilities at equatorial and low latitudes dominated by
the wave number m = 1, the maxima are located in the vicin-
ity of V1,2, i.e., around the line connecting both stellar centres,
whereas for modes with m = 2 they are distributed in a broad
interval around the quadrature points Q1,2; preferred longitudes
of loop penetration thus depend on the equilibrium parameters
(B0, λ0) as well as on the dominating wave mode.
The radial envelope, | ˆξr |, is used as a measure for the prob-
ability of loop penetration into the convection zone, subject to
the normalisation | ˆξr |max := 1. The larger the relative peak-to-
peak variation,
∆| ˆξr | :=
| ˆξr |max − | ˆξr |min
| ˆξr |max
, (25)
the larger is the possibility for the transition of a loop from the
overshoot region to the convection zone around φmax. Figure
Fig. 8. Relative peak-to-peak variation, ∆| ˆξr |, of the radial en-
velope. For ridge instabilities at low latitudes, ∆| ˆξr | is close to
unity, and even in the instability island at λ ∼ 15 . . .40◦ and
low field strengths the resonant wave mode coupling leads to
considerable values of ∆| ˆξr |.
8 shows ∆| ˆξr | as a function of λ0 and B0. For B & 105 G the
peak-to-peak variation is . 5% at intermediate latitudes and up
to about 20% near the equator. Typically ∆| ˆξr | decreases with
increasing field strengths since the stability properties strongly
depend on βδ ∝ δ/B2. High field strengths reduce the effect
of the azimuthal δ-variation, so that magnetic flux tubes with
smaller field strengths are, in general, more susceptible to tidal
effects. Particularly for ridge instabilities and instability islands
at low field strengths, ∆| ˆξr | is significant and can even reach
values close to unity, so that radial displacements are almost
suppressed near the envelope minima. The approximation used
in Eq. (22) is not applicable here, since the dominance of the
wave mode ˆξr,0 is not always given. Ridge instabilities are due
to resonant interactions of adjacent wave modes (see Sec. 4.2)
with comparable amplitudes while the amplitudes of all other
modes are small. The case | ˆξr,0|, | ˆξr,2| ≫ ˆξr,k,∀k , 0, 2, for ex-
ample, yields the radial envelope
| ˆξr |
2 ∝ 1 + 2
| ˆξr,0|| ˆξr,2|
| ˆξr,0|2 + | ˆξr,2|2
cos (2φ + α2 − α0) , (26)
with α0/2 = arg ˆξr,0/2. For | ˆξr,0| ≈ | ˆξr,2|, the radial envelope drops
to very small values at longitudes which are determined by the
phase factors α0 and α2. The low magnetic field strengths cor-
responding to these particular instabilities imply, however, long
growth times which are probably not relevant for the evolution
of rising flux loops in stars.
4.4. Parameter dependence
We examine the dependence of the stability properties on tidal
effects in various binary systems which are characterised by the
orbital period, T , the mass ratio, q, and the mass of the primary
star, M⋆. Equations (3) and (5) show that the magnitude of the
azimuthal variation caused by tidal effects is governed by the
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Fig. 9. Comparison of growth times, τ, for systems with var-
ious orbital periods, T . The isolines mark the growth times
τ = 1, 5, 10, 50, 100 (thick line), 500, 1000 (dashed line), and
5000 d. Instabilities with τ ≥ 104 d are omitted.
term
ǫ3q =
4π2
G
q
1 + q
r3
M⋆T 2
≃ 10−2
(
q
1 + q
) (
r
R⊙
)3 ( M⋆
M⊙
)−1 (T
d
)−2
. (27)
Here, the solar-type model is retained, which fixes M⋆ and r0.
The variation of Eq. (27) due to a different value of r0 is negli-
gible since the equilibrium radius is restricted to the rather thin
overshoot layer, which is prescribed by the stellar model.
First we consider binary systems with orbital periods in
the range T = 0.75 . . .10 d, mass ratio q = 1, and, follow-
ing Eq. (1), separations a ≃ 4.4 . . .25 R⊙. Since the expansion
parameter covers the range ǫ3 = 4.5 · 10−3 . . . 2.5 · 10−5, the
analytical approximation for the stellar stratification, Eq. (5), is
well applicable even for the shortest period. A comparison of
growth times for different T is shown in Fig. 9. A smaller or-
bital period has a stabilising effect, which is indicated by the
shifting of corresponding isolines of growth times to higher
field strengths. This effect is reinforced by the rotational flat-
tening of the star since flux rings at a given, constant equilib-
rium depth, r0, are embedded in slightly deeper and more sub-
adiabatic layers of the overshoot region. The tidal effects on
τ are nevertheless small and primarily affect the background
instabilities, leading to shifts of ridges and plateaus. With de-
creasing system period, the high-latitude plateau grows toward
smaller field strengths since the azimuthal variation of the den-
sity and tidal force along the flux ring become larger; however,
the growth times remain very large. The orientations of the ra-
dial envelope maxima do not show a significant dependence on
orbital period and are well represented by the reference case
with T = 2 d (Fig. 7). The relative peak-to-peak variations,
∆| ˆξr |, are shown in Fig. 10. ∆| ˆξr | increases significantly with
Fig. 10. Relative peak-to-peak variation, ∆| ˆξr |, of the radial en-
velope for different system periods, T .
decreasing orbital period, which results in strongly preferred
longitudes of loop penetrations to the convection zone in short-
period systems. The tidal effects are very effective for flux rings
with small field strengths, particularly for those which are li-
able to ridge instabilities with ∆| ˆξr | close to unity. For Parker-
type instabilities with short growth times, the relative peak-to-
peak variation remains much smaller. Figure 10 also shows that
the peak-to-peak variation strongly decreases with increasing
system period for T & 3 d and eventually becomes insignifi-
cant.
Considering a system with period T = 2 d, we find that
a variation of the mass ratio in the range q = 0.1 . . .10, has
only marginal influence on the stability properties. In the do-
main of Parker-type instabilities, the relative changes of the
growth time and of the peak-to-peak variation with respect to
the reference case are well below 0.1% and 10%, respectively.
Furthermore, the orientations of the envelope maxima exhibit
hardly any dependence on the mass ratio.
In summary, the growth times show only a weak depen-
dence on the binary parameters, except for the instability back-
ground and the rotational stabilisation of flux tubes at short sys-
tem periods. The latter effect is mainly due to the conservation
of angular momentum and not innate to the tidal effects. The
relative peak-to-peak variation of the radial envelope exhibits a
considerable dependence on the orbital period T , while the de-
pendence on the mass ratio q is almost negligible. Finally, the
orientations of the envelope maxima are largely unaffected by
variations of the binary parameters.
5. Discussion
Tidal effects and high rotation rates in close binaries cause
characteristic changes of both the equilibrium and the stability
properties of magnetic flux tubes stored in the convective over-
shoot region. Owing to tidal effects, a flux ring in stationary
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equilibrium experiences periodic variations of its environment
in azimuthal direction, which modify its characteristic eigen-
modes. To first order, the azimuthal variation of a given quan-
tity depends on its local scale height. Since the stability proper-
ties are dominated by the superadiabaticity, which is the most
strongly depth-dependent quantity in the overshoot region, tidal
effects are mediated mainly by the azimuthal variation of δ.
The growth times of Parker-type instabilities with τ .
1000 d are only marginally affected by the presence of the com-
panion star, whereas for instabilities with τ & 1000 d the influ-
ence of tidal effects is considerably stronger. This applies par-
ticularly to the instability background, since ridge and plateau
instabilities owe their existence to the binary character and are
most susceptible to changes of the tidal effects. However, since
the eigenfrequency is a global parameter describing the whole
flux tube and thus representing an average over the properties
of all tube segments, the dependence of ω on the binary pa-
rameters is dominated by the axially symmetric influence of
stellar rotation and not so much by the non-axially symmetric
tidal interactions: for axially symmetric changes of the equi-
librium configuration, e.g., those due to the rotational flatten-
ing, the changes are identical for each tube segment and thus
may add up to a considerable deviation of ω, whereas for non-
axial, periodic changes along the flux ring, like those due to
tidal effects, the changes of individual tube segments mutually
cancel and eventually average to only minor deviations of ω.
The growth times of background instabilities are typically sev-
eral thousand days and more and therefore very long compared
to the system period as well as to the growth times which are
relevant for rising flux tubes in the Sun. Whether these insta-
bilities are important for loop formation at preferred longitudes
seems questionable, although they possess the most conspicu-
ously asymmetric eigenfunctions.
In contrast to the modest effect on the eigenfrequencies and
growth times, tidal effects can significantly alter the azimuthal
structure of the eigenfunctions since the periodic variations
along the tube affect the displacement of each segment indi-
vidually. The resulting eigenfunction, ξ(φ), characterised by its
radial envelope | ˆξr |, consists of a superposition of coupled wave
modes and inherits the π-periodicity of the azimuthal variation
of the equilibrium properties. In contrast to stable eigenmodes,
whose envelope maxima are located either at the line of centres
or at the quadrature points, the maxima of unstable eigenmodes
typically exhibit a phase offset with respect to these points; this
result is schematically illustrated in Fig. 11. The orientations
of the maxima are not unique but depend on the equilibrium
configuration, predominantly on its latitude and on the wave
number of the dominating wave mode. Considering Fig. 2, one
might expect that the quadrature points would be favoured for
rapid loop growth, since they are located in less stable layers
of the overshoot region and nearest to the superadiabatic con-
vection zone. However, the Parker-type instability is driven by
a downflow from the loop summit, which increases the density
contrast with respect to the environment. Following the equa-
tion of continuity, a net downflow implies an asymmetry of
mass flux at the loop summit, i.e., the amount of plasma flowing
down in the preceding slope of the loop outbalances the mass
flux coming up in the following loop slope. The azimuthal vari-
Fig. 11. Schematic illustration of flux tubes in a single star
(left) and in a binary star (middle and right). For the latter, the
direction to the companion star is indicated by the central ar-
row. The dashed line indicates the equilibrium flux ring, the
grey line an actual displacement of the perturbed flux tube (here
for a wave mode with m = 1), and the solid black lines the enve-
lope, | ˆξr |, of the eigenfunction. In the middle panels, two stable
modes are shown with the maxima of their radial envelope lo-
cated either at the quadrature points (upper panel) or at the line
of centres (lower panel); unstable modes in binaries typically
exhibit phase offsets with respect to these points (right).
ation of the internal equilibrium density and velocity, Eqs. (9)
and (11), enhance the asymmetry in both slopes and thereby
favour maximal displacements at intermediate longitudes. In
contrast, the extrema of stable eigenmodes prefer either the
quadrature points or the directions along the line connecting
both stellar centres since at these ’symmetry points’ (concern-
ing the internal equilibrium density and velocity structure) the
downflow and thus buoyancy effects can be minimised.
The peak-to-peak variation, ∆| ˆξr |, serves as a measure for
the probability of loop penetration into the convection zone,
based on the assumption that the loop segments lifted furthest
toward the superadiabatic region are the most likely to leave
the overshoot region. The radial envelope determines the dis-
placement of the perturbation wave and thus the formation of
rapidly growing loops inside the convection zone is favoured
around its maxima at φmax and φmax + π. In the case of close
binaries with orbital periods of a few days, the peak-to-peak
variation of fast growing Parker-type instabilities is of the or-
der of several percent, up to about 20%. In the case of ridge
instabilities, radial displacements are strongly suppressed at
some longitudes, giving rise to distinct preferred longitudes
in the vicinity of φmax and φmax + π. Although it can not be
excluded that ridge instabilities contribute to the non-uniform
spot distribution, their importance for the formation of pre-
ferred longitudes at the stellar surface is questionable since
the relevant equilibrium configurations are restricted to rather
small parameter domains (B0, λ0), where instabilities have
large growth times. Based on the parameter study in Sect. 4.4,
we would predict that preferred longitudes appear (in bina-
ries with solar-type components) for orbital periods T . 5 d,
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which is in agreement with the results of Heckert & Ordway
(1995). However, in some binaries with longer periods (consist-
ing of giant components) preferred longitudes have also been
observed (Berdyugina & Tuominen 1998).
The linear stability analysis establishes the existence of
preferred longitudes at the bottom of the convection zone.
However, the determination of the actual longitude where an
individual loop enters the convection zone is not possible since
our procedure only allows statistical predictions. The tendency
to constitute preferred longitudes is instead discernible for a
large ensemble of similar flux tubes, supposed that the environ-
ment conditions in the overshoot region, e.g., the amount and
distribution of overshooting convective motions, are uniform
and unaltered for a sufficiently long time. Preferred longitudes
at the bottom of the convection zone are not necessarily sim-
ply related to the observed preferred longitudes of starspots at
stellar surfaces, because the evolution of rising loops through
the convection zone is still subject to tidal effects2. The pre-
ferred longitudes of flux eruption at the stellar surface based on
the flux tube model described above have to be determined by
non-linear numerical calculations. Results of such calculations
are presented in the subsequent paper II.
6. Conclusion
The equilibrium and stability properties of toroidal magnetic
flux tubes in the overshoot region of an active component of a
close binary system are considerably affected by tidal effects.
The breaking of the axial symmetry due to the presence of the
companion star leads to azimuthal variations along the tube of
the equilibrium configuration and of the probability of the pen-
etration of unstable loops to the convection zone. This demon-
strates the existence of preferred longitudes at the bottom of the
convection zone, which are well pronounced for orbital periods
of a few days but strongly fade with increasing period. The ori-
entations of the preferred longitudes depend on the equilibrium
latitude, the field strength, and the dominating wave mode of
the unstable eigenmode. Despite their rather small magnitude,
tidal effects are nevertheless capable of influencing the dynam-
ics of magnetic flux tubes considerably because they are en-
hanced by the sensitive dependence of the stability properties
on the superadiabaticity of the local environment and by the
resonant coupling between interacting wave modes.
Acknowledgements. Volkmar Holzwarth thanks Prof. S. K. Solanki
and Prof. F. Moreno-Insertis for valuable discussions and the
Max-Planck-Institut fu¨r Aeronomie in Katlenburg-Lindau and the
Kiepenheuer–Institut fu¨r Sonnenphysik in Freiburg/Brsg. for financial
support during the accomplishment of this work.
Appendix A: Numerical treatment
The perturbations of all physical and geometrical quantities
(magnetic field, flow velocity, density, position, curvature,. . . )
arising from the small perturbations of an equilibrium flux ring
2 If the tube evolution would be linear throughout the convection
zone, the maxima of the radial envelope would, in fact, also determine
preferred longitudes of flux eruption at the surface.
are expressed in terms of the displacement vector ξ(φ) (see,
e.g., Ferriz-Mas & Schu¨ssler 1993). The substitution of the cor-
responding expressions in the equation of motion followed by a
linearision with respect to ξ yields Eq. (14), with the coefficient
matrices3
Mφt = −
1
Ω
E (A.1)
Mtt = −
1
4
1
Ω2
1 − M2α
M2α
E (A.2)
Mφ =
(
F1
gn
g∗
− 1
)
Y + F1
gb
g∗
Z (A.3)
Mt =
1
2
1
Ω
1 + M2α
M2α
Y (A.4)
Mξ = F1
1
g∗

g′t −gt 0
gt 2gn gb
0 gb 0
 + F3 1g2∗

gtgt gtgn gtgb
gngt gngn gngb
gbgt gbgn gbgb

+ F2
1
g∗

gt gn gb
0 0 0
0 0 0
 , (A.5)
where the constant matrices
E =

1 0 0
0 1 0
0 0 1
 , Y =

0 1 0
−1 0 0
0 0 0
 , Z =

0 0 1
0 0 0
−1 0 0
 , (A.6)
and the abbreviations
F1 =
1(
1 − M2α
) ρe
pe
1
γ
g∗
κ
(A.7)
F2 = −F
2
1
[
(1 − ∇) M2α +
(
1 − M2α
)
∇
]
γ
gt
g∗
(A.8)
F3 = F
2
1
γ2
2
∆
(
1 − M2α
)
(A.9)
∆ = βδ −
2
γ
(
1
γ
−
1
2
)
(A.10)
have been used. The components gx = (geff · x) , x ∈ [t, n, b] of
the effective gravitational acceleration geff are expressed in the
co-moving trihedron.
Owing to the azimuthal variation of the equilibrium quan-
tities induced by the presence of the companion star, the coef-
ficient matrices (A.2) – (A.5) can be expressed in the form of
Eq. (15) and comprise small contributions which are, in low-
est order, π-periodic in the longitude φ. Following the ansatz in
Eq. (17), these contributions cause the coupling of wave modes
ˆξn with wave numbers n = m,m ± 2,m ± 4, . . ., which is ex-
pressed either by the 3-term recursion formula in Eq. (18) or
by the Hill-type algebraic system
Lm−2K Cm−2K Rm−2K
. . .
. . .
. . . O
Lm Cm Rm
O . . . . . . . . .
Lm+2K Cm+2K Rm+2K
︸                                                ︷︷                                                ︸
H(ω)

ˆξ−2K
...
ˆξ0
...
ˆξ2K

= 0 , (A.11)
3 In the case β ≫ 1.
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with K → ∞ and the block matrices
Ln =
1
2
[
(n − 2)
(
iMφ,c +Mφ,s − ω
(
Mφt,c − iMφt,s
))
+Mξ,c − iMξ,s + ω
(
iMt,c +Mt,s
)
−ω2
(
Mtt,c − iMtt,s
)]
, (A.12)
Rn =
1
2
[
(n + 2)
(
iMφ,c −Mφ,s − ω
(
Mφt,c + iMφt,s
))
+Mξ,c + iMξ,s + ω
(
iMt,c −Mt,s
)
−ω2
(
Mtt,c + iMtt,s
)]
, (A.13)
and
Cn = −n
2E − nωMφt,0 − ω
2Mtt,0 +Mξ,0
+i
(
nMφ,0 + ωMt,0
)
. (A.14)
The eigenfrequencies ω are determined by the roots of the
dispersion relation, det [H(ω)] = 0. A treatment of the case
K → ∞ is not practical, but since the coupling between ad-
jacent wave modes is small [L,R ∼ O(ǫ3)], the wave mode
spectrum can be truncated at a finite number of constituents,
here K = 3. A verification of the eigenfrequency and the deter-
mination of the eigenfunctions ξ(φ) is based on the following
approach. Let the independent solutions x(i)(φ), i = 1, . . . , n of
a system
x′ = A(φ)x with A(φ + π) = A(φ) (A.15)
represent the fundamental matrix X(φ) = (x(1), . . . , x(n)) with
det[X(φ)] , 0. Furthermore, we have X(φ + 2π) = X(φ)M,
where M is the constant transition matrix with det(M) , 0.
Since an arbitrary solution of Eq. (A.15) can be represented by
a constant vector c in the form x(φ) = X(φ)c, it follows that
x(φ + 2π) = X(φ + 2π)c = X(φ)Mc. Periodic solutions with
x(φ+ 2π) ≡ x(φ) thus requireMc = c and an eigenvalue of the
transition matrix M equal to unity. If the fundamental matrix
fulfils the initial condition X(0) = E, the transition matrix is
calculated by integrating over a period of 2π, i.e., X(2π) =M.
In our case, the transition matrixM and its eigenvalues depend
on the eigenfrequency, ω. If an eigenfrequency determined by
the dispersion relation above does not entail Mc = c, ω is
iteratively improved and the eigenfunction ξ(φ) determined.
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